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Abstract 

In this paper we construct the Differential calculus on the Hopf Group Coalgebra in- 
troduced by Turaev [10]. We proved that the concepts introduced by S.L.Woronowicz 
in constructing Differential calculus on Hopf Compact Matrix Pseudogroups (Quantum 
Groups) [7] can be adapted to serve again in our construction. 

Introduction 

Quantum groups, from a mathematical point of view, may be introduced by making emphasis 
on their q— deformed enveloping algebra aspects [1,2], which leads to the quantized enveloping 
algebras, or by making emphasis in the R— matrix formalism that describes the deformed group 
algebra. Also, they are mathematically well defined in the framework of Hopf algebra [3]. Quan- 
tum groups provide an interesting example of non-commutative geometry [4]. Non-commutative 
differential calculus on quantum groups is a fundamental tool needed for many applications [5,6]. 

S.L.Woronowicz [7] gave the general framework for bicovariant differential calculus on quan- 
tum groups following general ideas of A.Connes. Also, He showed that all important notions and 
formulae of classical Lie group theory admit a generalization to the quantum group case and he 
has restricted himself to compact matrix pseudogroups as introduced in [8]. In contrast to the 
classical differential geometry on Lie groups, there is no functorial method to obtain a unique 
bicovariant differential calculus on a given quantum group [9]. 
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Recently, Quasitriangular Hopf ix— coalgebras are introduced by Turaev [10]. He has showed 
that they give rise to crossed n— categories. Virelizier [11] studied the algebraic properties of 
the Hopf 7i— coalgebras, also he has showed that the existence of integrals and trace for such 
coalgebras and has generalized the main properties of the quasitriangular Hopf algebras to the 
setting of Hopf 7r— coalgebra. 

In this paper we will use the concepts introduced by S.L.Woronowicz [7] to construct the Dif- 
ferential calculus on the Hopf group coalgebra(introduced by Turaev [10]). We briefly describe 
the content of the paper. In section one we give the definition of Hopf group coalgebras [11]. In 
section two, we give the main definitions and theorems concerning first order differential calcu- 
lus. Section three contains the construction of the n— graded Bicovariant bimodules. Finally, in 
section four we construct the first order differential calculus on the Hopf group coalgebra. 
Now let us give some basic definitions about Hopf n— coalgebra 

1 Hopf Group Coalgebra 

Definition 1.1. A rr— coalgebra is a family C = {C Q } aer of A;— linear spaces endowed with 
a family A = {A Q)/ g : C a p — > C a <8> Cp}^^ of k— linear maps (the comultiplication) and a 
A;— linear map e : C\ — > k such that 

• A is coassociative in the sense that for any a,/3, 7 G n, 

(A aij9 <g> id)A a/3tl = (id <g> A /3i7 )A ai/37 , 

• for all a G 7r, 

(id <g> e) A Q; i = (e® id)A ha . 

Sweedler's notation In the case of Hopf group coalgebra Sweedler's notations have been ex- 
tended by Turaev and Virelizier in the following way: for any a, (3 G n and c G C a p, they 
defined 

A Qj/3 (c) = ^ C (l,<*) ® C (2,/3) £ C a ® C/j. 

or shortly, if we have the summation implicit 

A Qj/3 (c) = c ( i, a) <8)c (2)/ j). 
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The coassociativity axiom gives that , for any a, (3, 7 G n and c G C a f3 r/ 

C(l,a/3)(l,a) ® C(l, Q /3)(2,/3) <8> C( 2)7 ) = C(i )Q ) <g> C (2i/ 3 7 )(i i/ 3) <g> C( 2l/ J 7 )(2 l7 ) ■ 

Let C = ({Ca,} aevr , A, e) be a 7r— coalgebra and A be an algebra with multiplication m and 
unit element 1a- The family A and the map m induce a map 

* : conv(C, A) <g> conv(C, A) — > conv(C, A) 

defined by the composition 

Hom{C a , A) <g> Hom{Cp, A) Hom{C a ®C P ,A® A) Hom ^' m) 

Hom(C a /3, A) 

where p is the natural injection of Hom(C a , A) ® Hom(Cp, A) into Hom(C a <8> CTg, A <g> A) 
The map * is called convolution product of /, g 
Also, the maps 

£ : Ci — > k and 77 : k — > A 



induce a map 
defined by 
for all c G C\. 

Lemma 1.1. The k -space 



Vconv(c,A) ■ k — > Conv(C, A) 

(VConv(C,A)( X ))( C ) = E ( C )VW 



Conv(C, A) = Hom(C a , A) 



endowed with the convolution product * and the unit element e\a is a n— graded algebra called 
the convolution algebra. 

Remark 1.1. If we put A = k in the above lemma the 7r— graded algebra Conv(C, k) = ae7r C* 
is called dual to C and denoted by C* . 

Definition 1.2. A Hopf ir— coalgebra is a ir— coalgebra H = ({H a } ae7T , A, e) endowed with a 
family 

S = {S a : H a — > H a -i} ae7r 
of A;— linear maps called the antipode such that 



3 



(1) Each H a is an algebra with multiplication m a and unit element l a G H a , 

(2) The linear maps 

A a ,/3 ■ H aj3 — > H a ® Hp, 
e : k. 

are algebra maps for all a, /3 G A, 

(3) For any «G7r 

m a (S a -i <S> id) A a -i >a = m a (id <g> S a -i)A ajCe -i. 

Remark 1.2. If /J = ({i?Q,} Q67r , A, e, 5) is a Hopf 7r— coalgebra then axiom (3) says that is the 
inverse of Ih j. m the convolution algebra Conv(H, H a -i). 

Remark 1.3. (ifi, A^i, e, Si) is a classical Hopf algebra 
Lemma 1.2. Let H = ({H a } a£7T , A, e, S) be a Hopf it— coalgebra. then 
1- Ap-\ a -iS a p = (T Ha -i )HP -i(S a <g> S{3)A a ^ for any a, (3 En, 

2. e(Si) = e, 

3. S a (ab) = S a (b)S a (a) for any a G n and a,b G A, 

4- S la = l Q -i for any a en. 

Definition 1.3. Let C = ({C a } a eir, A, e) be a ir— coalgebra. A right n— comodule over C is a 

family M = {M Q } Qg7r of fc— linear spaces endowed with a family p = {p a ,/3 '■ M a p >M a ®c } of 

k— linear maps (the structure maps) such that 

• For any a, (3, 7 G n 

(p a ,p <S> id)p a p, 1 = (id <g> A /3)7 )p ai/37 * 

• For any a G 7r 

(id ® £)pa,i = 2<i ** 

Definition 1.4. A 7r— sub comodule of M is a family N = {N a } ae7r where N a is a fc— linear 
subspace of M a such that for all a, f3 G 7r 

Pa,f}( N <*p) CN a ®Cp 
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Definition 1.5. A 7r— comodule morphism between to right n— comodules M and M' over a 
n— coalgebra C (with structure maps p and p', respectively) is a family / = {f a : M a — > M' a } 
of A;— linear maps such that for all a, (3 G n 

Pa AM = (fa®id)Pa,/3 

Sweedler's notation 

For any a, f3 G n and m G M Qj( g we write 

P a A m ) = m (0,a) ® "1(1,0) G M a (g) (7g 

also the axiom 

(Pa,f3 ® id)pa(5,~, = (id <g> Ap^p^fa 

can be written as 

m (0,a/3)(0,a) <8> ^(0,a/3)(l,/3) <S> "2.(1,7) = ?™(0,a) ® "l-(l,/3 7 )(l,&eta) ® ?™(l,/3 7 )(2, 7 ) 

This elements of M a ® Cp®C 1 is written as m( , a ) <E> ?"(i,/3) <8> ?"(2, 7 ) 

2 Basic Definitions of differential calculus 

Definition 2.1. Let A = {A a } a€7T be a Hopf group coalgebra ,r = {T a } aG7T be a 7r— graded 
bimodule over A , and 

d = {d a : A a — > T a } 2.1 

be a family of linear maps. We say that (T, d) is a tt— graded first order differential calculus 
over A if for any a G 7r 

1. For any a, 6 G A a 

d a (ab) = d a (a)b + ad a (b) 2.2 

2. Any element p G T a is of the form 

k=l 
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Definition 2.2. Two n— graded first order differential calculi are said to be isomorphic if there 
exists a family of bimodule isomorphisms % = [i a : T a — > T' a } such that 

i a (d a a) = d a a, for all a G A a , a G ir. 

Let A = {A a } aew be a Hopf group coalgebra , m a : A a ® A a — > A a be the multiplication 
defined on A a for each a. Define A 2 = {A 2 a } aew such that 

A 2 a = {qeA a ®A a ,m a (q) = 0} 2.3 

By definition A 2 a is a linear subspace of A a ®A a for each a £ ir .On A 2 define an A— bimodule 
structure as 

For any a G ir, c G A a , J2k a k ® 6fc G A 2 



Define D = {D a } a&[ by 
for all b G A a , a G 7r 



\ fc J k 

^ Qfc J c = a fc 6fcC 

L> a (6) = 1 Q , 



2.4 
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It is clear that m a (D a (6)) = 0,Le..D a (6) G A 2 . Moreover 



-D a (a6) = l a ® ab — ab®l a 

= l a ® ab — a®b + a®b~ab®\ a 

= (l a ® a — a ® 1 Q ) 6 + a (1 Q <g> 6 — 6 <g> l a ) 

= L>« (a) 6 + a£> a (6) 

Proposition 2.1. Let iV = {-/V Q } ^ 6e a n— graded sub-bimodule of A 2 ,T = A 2 /N , n = 
{n a : A 2 a — > T a } be the family of canonical epimorphisms , and d = {d a = n a o D a } aeiT . Then 
T = ({r a } ae7r , d) is a first order differential calculus over A. Any other n— graded first order 
differential calculus over A can be obtained in this way. 

Proof. By definition of T = {r a } ^ , F is a n— graded bimodule over A. Moreover ,by definition 
of d — {d a = ix a o D a } ae7T we find that T = ({r a } QG7r ,d) is a ir— graded first order differential 



calculus over A. It remains to show that any n— graded first order differential calculus over A 
can be obtained in this way. 

Let T = ({r Q } ag7r , ct) be any other 7r— graded first order differential calculus over A .We have 
for each a E tc, J2k a k® b k E A 2 a , c E A a 

^ ca k d a b k = c I ^2 a kd a b k \ 
k \ k ) 

and 

^2 akda ( fefcC ) = I a k d »h I c + I ^2 akbk I daC 

k V k J V k ) 

= (^2a k d a b k ^jc 
i.e. the family n = {n a : A\ — > r a }defined by the formula 



V k J k 



is a bimodule morphism.We will show that n a is surjective for each a E n. 
Let p E T a such that 

P = ^2 akd a b k, a>k, h E A a 
k 

Define an element q E A a ® A a by 

q = ^2 a k & b k - a k b k <8> 1 Q 

k 

It is clear that m a q = , i.e. q E A 2 a .Moreover , 

(<?) = 5^ a * d a 6 * ~~ a k b k d a l a 
k 

= ^2 a kd a bk 



k 

P 



therefore n a is surjective for each a E ir. 

kern = {ker7r a } ae?r 



= <^a k ® b k E A 2 a ,y^ a k dab k = > 



2.6 
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Taking 

N = {N a = ker n a = a k ® h E A 2 a ^ a fc d a o fc = 0}} ae?r 2.7 

then T can be identified by A 2 /iV and for any b E A a 

7l a D a (b) = 7T a (l a <g) b - b <S> 1«) 
= d a b - &d Q l Q 
= d a o. 

□ 

Definition 2.3. Let T = ({T a } aen , d) be a 7r— graded first order differential calculus over A. We 
say that T = ({T a } aen , d) is left covariant if for any a, f3 E it 

^2 a k d af3h =>• A Qj/3 (ajfc) (id <g> d^) A a)j9 (6 fc ) = 2.8 
for any a fc , o fc G A a/3 , k = 1,2, , n. 

Proposition 2.2. Zet T = ({r a } Qg7r , d) be a left covariant tx— graded first order differential 
calculus over A. Then there exists a family of linear mappings 

A 1 = {A l atP : T Q/3 — A a ®Fp} 2.9 

such that 

1. For any a E A a(3 , p E T a/3 

A^ (ap) = (a) A^ (p) 2.10 



A' (pa) = A< (p)A Q ^(a) 2.11 



2. For any cc, f3, 7 e 7r 



5. For any p 6 T a 



(A a>/3 ® id) A^ >7 = (id ® A^ >7 ) A^ 7 2.12 



(e®id)Ai, a (p)=P 2.13 
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4- For any a, (3 £ it 

A^d^ = (id ® dp) A a> p (a) 
Proof. Let A' = {A^}^^ where A^ : T a/3 — > A a <g> Tp is defined by 

(n \ n 

fc=l / k=l 

where a k ,b k G A a p,a,(3 G 7r. Then by definition for each a,/3 G 7r A^, i/3 is a well defined linear 
map. 

f . Let a G A a p , p G F a p, p = J2k=i a kd a pb k , a k , b k G A af3 
A^M = K,p (j^<*kd af ,b^ <^J 

= (A Q)/3 (a fc ) (id <g> d^) A Q;/3 (6 fc a) - A a>/3 (a fc 6 fc ) (id <g> d^) A Q;/3 (a)) 

k 

= ^ Aa,/3 (afc) ((id <8> d/s) (6 fc (i ® &fe(2,/3)a( 2 ,/3)) - &fe(l,a)a(i, a ) ® hfrfldpafrp)) 

k 

= ^2 ^ a >P ( OA; ) (^fe(l,a) a (l,a) ® (b k (2,/3)a(2,/3)) ~ &fc(l,a)a(l,a) ® b k (2,f3)dpa(2,(3)) 
fc 

= ^ A Qj( g (a fc ) [(6fc(i,a)a(i, a ) ® dpb k (2,P)a(2,P) + &fc(l,a)a(l,a) ® b k (2,(3)dpa,{2,(3)) - &fe(l,a)0(l,a) 
fc 



(2,/3)j 

^ A Q ,/3 (afc) (&fe(l,a)0(l,a) ® d/3b k (2,/3)0>(2,/3)) 
k 

^2 A «,/3 K) (id ® d/?) A a)j9 (6 fc ) ) A Q;/3 (a) 
v fc / 

A «,/3 f a k d apbk \ A Q ,/3 (a) 

A^ (p) A a>/3 (a) 
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and 



A L l/3 M = A L,/3 (^ a a ^«A ^ 

= ^a,/9 ( ^2 aa kdapb k 
\ k / 

= A aj/3 (a) A aj/3 (a*) (id <g> d^) A Qj/3 (6 fc ) 

= A aj/3 (a) A^ i/3 a k d aP b k j 
= A a;/3 (a)A^(p) 



2. Let ad a/ 3 7 b G r aj g 7 ,with a, 6 G A a/ g 7 , then we compute 

(A aj/? <8) id) A^ 7 (adafrb) = (A Q)j g <g> id) (A Qj9)7 (a) (id <g> d 7 ) A a/3j7 (6)) 

= (A aj/3 <g> id) A a/3i7 (a) (A Q)/3 ® id) (id <g> d 7 ) A a/3i7 (6) 

= (A a;/3 ® id) A a/ j )7 (a) (id ® id <g) d 7 ) (A a>/3 ® id) A a/ j )7 (6) 

On the other hand 

(id ® A{, )7 ) A^ 7 (ad a/37 6) = (id ® A^J (A ai/37 (a) (id ® d Pl ) A a ^ (&)) 

= (id <g> A^ 7 ) (a(i ja )6(i jQ ) ® a(2^ 7 )d / 3 7 6( 2 ,/3 7 )) 

= 0(l,a)&(l,a) ® a (2,l3)b(2,/3) <8> a(3,7)d 7 &(3, 7 ) 

= (id ® A^) A Q , i/ g 7 (a) (id ® id <8> d 7 ) (id ® A ( g 7 ) A Q , i/ g 7 (6) 



3. For a G 7r let ad a 5 G r a , a,b E A a 

(e <g> id) A' 1>a (ad a 6) = (e <g> id) ( Ai, Q (a) (id <g> d a ) A iiQ (6) ) 

= £ (a(l,l)fc(l,l)) a(2,a)d a b( 2 ,a) 

= e (a(i,i)) a ( 2,a)£ (&(i,i)) 

= ad a ft. 
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4. Let a G A a/3 

K,pd a p(a) = A l ajf3 (d af3 (a)) 

= A a>/ 9 (l a/ 3) (id <g> d^) A Q;/3 (a) 

= (l a (8)l i g)(itZ(8)d i g)A Qij g(a) 

= (id <g> d^) A a>/9 (a) 



□ 



Definition 2.4. Let T = ({r a } agjr , d) be a 7r— graded first order differential calculus over A. We 
say that T = ({^ a } ae7r , d) is right covariant if for any a, (3 G n 

n n 
k=l k=l 

We say that Y = ({r a } aer , d) is bicovariant if it is left and right covariant. 

Proposition 2.3. Let T = ({T a } ae7r ,d) be a right covariant it— graded first order differential 
calculus over A. Then there exists a family of linear mappings 

A r = {A; j/3 : T aP —±T a ® A p } 2.15 

such that 

1. For any a G A a(3 , p G T a/3 

K,p M = (a) K,p (P) 
A^ (pa) = A^ (p) A Q)i g (a) 



2.16 



2. for any a, f3, 7 G 7r 



5. For any p G T a 



4- for any a, [3, 7 G 7r 



(id ® A^A^ = (A^ ® id)A^ >7 2.17 
^)A: i (p)= P 2.18 



A a,/A,/3 = (<*a ® id) A Qij g 

Proof Similar to that of proposition 2.2 , where for any a, (3, 7 G 7r a^, G A aj g. 



□ 
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Proposition 2.4. Let T = ({T a } ae7r , d) be a bicovariant %— graded first order differential cal- 
culus over A, A 1 , A r be the families of linear mappings introduced by proposition 2.2,2.3. Then we 
have. 

(id <g> A^) A^ 7 (ad afh b) = (A^ <g> id) A^ )7 (ad a ^b) 2.20 
Proof. Let a, 5 G A a/ g 7 

(id ® A£ j7 ) A^ 7 (ad a/37 6) = (id ® A^ j7 ) (A Q ^ 7 (a) (id ® d^) A aj/37 (6)) 

= (id ® A^ i7 ) A Qi/37 (a) (id ® d^g ® id) (id <g> A^) A aj/37 (6) 

On the other hand 

® id) A^, 7 (ad a/37 6) = (A^ ® id) (A a/J)7 (a) (id ® d 7 ) A a/3j7 (6)) 

= (A a;/3 ® id) A a/3i7 (a) (id ® d^ ® id) (A aj/9 ® id) A aj/37 (b) 

Using the coassociativity property we find that equation 2.20 holds. □ 

3 7T— graded Bicovariant bimodules 

Throughout this section let A = {A a } aen be a hopf group coalgebra 

Definition 3.1. let T = {T a } ae7r be a ir— graded bimodule over A , A' = { A^ ^ : Y a p — > A a ® ^p} a 
be a family of linear maps .We say that T = ({T a } ae7T , A') is a left covariant 7r-graded bimodule 
over A if 

1. For any a G A a p , p G T a p a, j3 E n 

A L,/3 M = A a,/3 (a) A l a>f3 (p) (3.1) 

A^ (pa) = A^ (p) A Q)( g (a) (3.2) 

2. For all a, (3, 7 G 7r. 

(A a>/3 ® id) A^ >7 = (^d ® A^) A^ 7 (3.3) 

3. For any p G r a ,a G 7r 

(e ® ^d) A[ <a (p) = p (3.4) 
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Definition 3.2. Let T = {r a } ae7r be a n— graded bimodule over A , A r = { A r a ^ : T a/ 3 — > T a (g) Ap] 
be a family of linear maps .We say that T = ({T a } ae7T , A r )is a right covariant n— graded bimod- 
ule over A if 



1. For any a G A a(3 ,p G T a/3 



A^ (ap) = A Q>/3 (a) A^ (p) (3.5) 



A^,, (pa) = A; , (p) A Qji g (a) (3.6) 



2. For a, f3, 7 G 7r. 



(A a>/3 ® id) A^ >7 = (id ® A£ >7 ) A^ 7 (3.7) 



3. For any p G r a ,o; G 7r 



(id ® 5) A^ (p) = p (3.8) 

Definition 3.3. let Y = {T a } a€7r be a 7r— graded bimodule over A , A' = { A^ : T a p — > A a ® r^}^ j3( _^, 
and A r = { A r p : r a/3 — >■ T a ® A^jbe two families of linear maps .We say that T = ({T a } aen , A', A r ) 
is a bicovariant 7r-graded bimodule over A if 

1. T = ({T a } a€7r , A') is a left covariant 7r-graded bimodule over A. 

2. T = ({T a } aen , A r ) is a right covariant 7r-graded bimodule over A. 

3. For all a, f3, 7 G 7r. 

(A^ ® id) A^ >7 = (id ® A£ >7 ) A^ 7 (3.9) 

Definition 3.4. Let T = ({r a } Qg7r , A') be a left covariant 7r-graded bimodule over A .For any 
a G 7r an element p G T a is said to be left invariant if 

A' 1>a (p) = li ® p (3.10) 

Denote by i nv Y = {mv^a} aeir the set of all left invariant elements of T. Clearly , i nv T a is a 
linear subspace of T a for each a G ir. 
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Lemma 3.1. Let T = [{T a } aew , A 1 ) be a left covariant ix-graded bimodule over A, inv T = 
{inv^ a } ae7T be the linear subspace of all left invariant elements ofY. Then there exists a family 

P = {P a :T 1 ^T a } ae7T (3.11) 

of mappings such that 

P a (bp)=e(b)P a (p) (3.12) 

for any b& A±, p G Ti, a G 7r. 

Moreover , for any p G T a ,a G ir we have 

P = ^2 a kPa(pk) (3.13) 

k 

where at , Pk are elements of A a , Y\ respectively such that 

k 

And equation 3.13 can be uniquely written in this form. 
Proof. For any a G 7r , p G I\ set 

p * (p) = ^2 S a -i (a k ) p k (3.15) 
k 

where 

n 

K-\a (P) = J2 ak ®P k 
k=l 

Recall that for any a, (3 G n , a G Ap-i where Ap-i a -i >a (a) = a(i ;i g-i a -i) ® a( 2 , a )we have 

A a ,/3 (Sp-i a -i (0(l,/3-ia-i))) (a(2,a) <E> 1/?) = (5^-1 (a(l,/J-i)) <8> S a -i (a (2> a-i))) (a (3 ,a) ® 

= S'a- 1 (a( 2 , a -l)) a( 3 ,a) ® (a(l i/3 -i)) 
= £ ( a (2,l)) la ® ^-1 (a(i j/3 -l)) 

= l a ®e (a (2 ,i)) S^-i (0(1,19-1)) 
= l a <g> 5^-1 (a ( i )/3 -i)£ (a( 2 ,i))) 
= 1 Q ® 5/3-1 (a) 
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then we have 

A a>/ 9 (Sp-i a -i (a(i,/3-i Q -i))) (a(2,a) ® I/3) = 1« ® <S>-i (a) (3.16) 
For any p G r x ( a G 7r set 

A l,a(Pfe) = J2 bkl(g>Pkl 
I 

A a -i ; i(a fe ) = c fcm rf fcm 

m 

Using equation 3.3 we have 

^2 a k <S> hi <%> Pki = ^2 ° km ® dkm ® ^ ( 3 - 17 ) 

We compute 

Al, Q (P Q (p)) = A^^S^K)^ 

= ^A liQ ( ( 5 a - 1 (a fe ))Al ;Q (p fe ) 

= Al ' Q ( &H ® Pfe ^ 

= Ai |Q (S^-i (c km )) (d km <S> p k ) 

k,l 

= ^2 (®S a -i (c km )) {d km <g> l a ) (li <g> p fe ) 
= 53(li<g>S , a-i(a fc ))(li<g>pfc) 

(using 3.16 for a = 1, /3 = a) 

= li (8) S a -i (a k ) p k 

k 

= \ 1 ®P a {p) 

This shows that P a (p) is left invariant element in T a for each a G ir. 
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To prove 3.12 , let b e A ± , p e T 1 , set 

A Q -i >a (6) = 6fc (8) dfc 

AU,«(&p) = A Q - V (6) AU )Q (P) 
= 6fcCj (8) d k pi 



k,i 



Then 

k,l 

= ^2 S a -i (q) S a -i (b k ) d k pi 
k,i 

i 

= e(b)Y^ S a -i (cj) 
z 

= e(6)P a (p) 

To prove 3.13. Let a G 7r,pG r Q .Set 

A'i iQ (p) = ^d m ®Q m 

m 

A L-i,a(Pfc) = J2hn®Pkn 
n 

A Qja -i (d m ) = ^ d m i <g> C m ; 



where 



using equation 3.3 we have 



i.e. 



(V 1 ® id ) A i,« = <8> A^ ljQ ) A l al 

^ d™z <8> c mi ® £ m = ^ a fc <g> b kn <S> Pkn (3.19) 



m.l k.n 
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Then using equation 3.4 we have 

p = (e®td)A l ha (p) 

^ ^ £ {dm) Qm 

m 

— } ^ d m lS a -l (c m l) Q m 
m,l 

— ^ a k S a -i (b kn ) p kn 

k,n 

= ^ a k P a (Pk) 
m 

Finally ,to prove the uniqueness of expression 3.13 let P' = {P^ : T 1 — > inv T a j be another 
family of mappings satisfying that for p e T a 

p = Y J dkP' a {pk) (3.20) 

k 

where a k , Pk are elements of A a , T 1 respectively such that 

K,i (p) = ^ak®pk 

k 

Let p E T a such that A^ (p) = J2 k o-k <8> Pk -Then using 3.13 

P = ^2 akPa ( pk ^ 
k 

But using 3.20 we have 

p = a k P 'a (Pk) 

k 

Subtracting the above two equations we obtain 

= ]Ta fc (P a (pk)-PLM) 
k 

Assuming that all a k s all linearly independent we get 

P a (pk) = P'a(pk) fc = l,2,...,ra. 
which proves the uniqueness of expression 3.13. 

Lemma 3.2. Let T = ({r a } aer , A') be a left covariant n-graded bimodule over A . Then , for 
any a, j3 G it, p <E inv T a/3 we have 
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</3 (p) = la ® Q (3-21) 



where g & inv T 



Proof. Let a,j3 & n,p <E inv T a/ 3 ,then using lemma 3.1 , and since the mappings P a are onto for 
each a G ?r then there exists an element (eTj such that 



Set 



P = P a p(£) (3-22) 



= J2 b 



m o> Pm 



and 



Using equation 3.3 

^ q fc (g) c fc ; (8) gfc t = ^ fe mn ® C ® Pm (3.24) 
Applying A^ to both sides of 3.22, using 3.24 and 3.16 , we get 

= J]A a ^(^-i a -i(a fc ))A^(e fc ) 
fc 

= A Qj/3 (S/3-i a -i (a fc )) (cfcj <g) ^fcj) 

= ^ A Q)/3 (Sp-lg-l (bmn)) {dmn ® Pm) 
m,n 

= Y A ",/3 (V 1 "- 1 ( & mn)) ( rf mn ® 1/3 ) (l a ® Pm) 

m,n 

= 5^(la®5' /9 -i(6 m ))(l a (8)p m ) 

m 

= la <8> ^ S/j-i (6 m ) p m 
m 

= la 0^(0 
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But from lemma 3.1 Pp(£) &inv and hence the lemma is proved. □ 

Let A = ({A a } aew , A, e, S) be a hopf n— coalgebra. Throughtout the next dealing we will 
consider that A is endowed with a family of linear maps ^ — : A a — > A{\ of k-linear maps 
such that for each a G n ,^/ a is an algebra map. For each a G n , define the map E a to be the 
composition 

A a >■ A\ > k 

i.e. 

E a = e^ a (3.25) 
Clearly, for each a G n E a is an algebra map for let a, b G A a .Then 



E a (ab) = e(* a (ab)) 

= eOMa) *„(&)) 

= e(* a (a) )e (*«(&)) 

= £ Q (a)£ Q (6) 

£ a (l Q ) = £(*a(la)) 

= e(lx) 
= 1* 

Moreover, i? a is linear being the composition of two linear maps. 

Theorem 3.3. Let T = ({r a } Qg7r , A') be a n— graded left covariant bimodule over A,{u°} aeir be 
a basis of i nv T a , of all left invariant elements ofY a for each a G it .Then 

1. For any a G n ,any element p G T a is of the form 

P = ^2 aiUi (3.26) 

i 

where 's G A a are uniquely determined , uj\s E inv T a Jor any a G n . 

2. For any a G n , any element p G T a is of the form 

P = ^ujA (3.27) 

i 

where bi 's G A a are uniquely determined , u>ls &i nv T a Jor any a G n . 
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3. There exists linear junctionals E A' = © Qe7r A' a such that for any a E it 

j 

au i = Yl u; j({fa oS i 1 )* a ) ( 3 - 29 ) 

j 

where a, h E A a , u^s, cu^s Ei nv T a .These Junctionals are uniquely determined by 3.28. They 
satisfy the following relations 

fij(ab) = J2f ik (a)f kj (b) (3.30) 
k 

for any i, j E I , a,b E A a .Moreover 

fij(la) = hi (3.31) 

Remark 3.1. Any functional E A' = © ae7r A^, is of the form fa = f^ where 

f?j(a) = ifa<£A a 

Proof. To prove 1: For any a E ir let p E T a . Using 3.13 we have that p = ^2 i a i u i > with 
£inu T Q . To prove uniqueness assume that p = ajWj. Then , using 3.1,3.21 




= ^Ta^^a^^) 

= ^ (°i(l,a) ® a i(2,l)) (1q ® 6) > 6 ^ 
j 

= ^ Qi(l,a) ® Qj(2,l)& 

Applying (id ® Pi) to both sides of the above equation ,we get 

(id®p 1 )A i ajl ( P ) = (<d®Pi)x; 

j 

= ^ a»(l,a) ® Pi (aj(2,l)&) 
j 

= X ai(l,a)£ ( a i(2,l)) <8> Pi (6) 
j 

= ^a^Pife) 

= X aj ® & 

i 
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since Pi = for any £j Gj ni , Ti .Since u^s ,i E I are linearly independent , then by linearty 
of A l a 1 , are also linearly independent and so the coefficients a\s are uniquely determined, 
and this proves the uniqueness of the decomposition 3.26. To prove 3: For any a G n , let 
b G A a , ujj Ei nv T a ,j G / . Then Ujb admits a decomposition in the of the form 3.26 .Let F°l (b) 
be the coefficients preceding u>i in the decomposition 3.26 i.e. 



= ( 3 - 32 ) 

i 

Clearly, (b) are linear mappings acting on A a . For any a,b G A a ,and any j G / we have 

% 

h 

h,i 

using the uniqueness of the decomposition 3.26 we have 

i$ (<*) = £ (3.33) 
h 

for all i,j G I, a G 7i,a,b G A Q . Let /" be linear functionals defined on A Q introduced by the 
formula 

fl (a) = E a (Ff. (a)) = e (¥ a (i* (a))) (3.34) 

Define /jj G A' by 

where for any (3 & n,a E Ap 

/*(«)=£/* ( a )=^(°) ( 3 - 35 ) 
Applying E Q to both sides of 3.33 and using 3.34 and 3.35 we have 

fa ( ab ) = Yl h h (°) fa* ^ 

h 

for any a, b G A a , and hence 3.30 is proven. From 3.30 we get 

fjim a (a ® b) = ^ (/j/, <g) / w ) (a <g> 6) 



i.e. 
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Inserting b = l a in 3.32 we get 

i 

i.e. 

F« (l a ) = ^la 

Applying E a to both sides of the above equation ,and summing over a we get 

fji (la) = ^ji 

and hence 3.31 is proven. To prove 3.28 Recall that from equation 3.32 for any a G n, ujj <E inv T a , 

be A a 

% 

Applying to both sides of the above equation we obtain 

A^M) = Ki(j2F-(b)u}j 

(l a ® fc) A Q;1 (b) = £A ail (F£(&))(l«®&) 

i 

where &i nv Ti , i,j e /. On the other hand using 3.32 

(l a <g> 0) A a ,i (6) = ^ (id <g> F.J) A a ,i (6) (1 Q <g> &) 

i 

Comparing the last two equations we get 

Aa,i (i^(6)) = («®i5) Aa,! (6) 

Applying (id <g> e) to both sides of the above equation , using 3.35 we get 

Ff^b) = (id ® fji) A Qil (b) 
= fji*b 

Inserting this result into 3.32 we obtain 3.28. In order to prove 3.29 we have to show that 
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Let a G Ai .Then 

° sr 1 ) oft (a)) = Yl (fa ® A» ° ^r 1 ) a li (°)) 

= ^ (Aj ® (id ® Si) Ai,i (a) 
= ^ fhiiri! (id ® ffi) Ai ;i (a) 

= ^/ M (e(5i(o))li) 

= £/ w (li)e(Si(«)) 
= foe (Si (a)) 

i.e. 

^ fa * (fa ° ^i" 1 ) = 5ih£ 

3 

Similarly , one can check that 

E (fa ° ^r 1 ) * = ( 3 - 38 ) 

3 

From equation 3.28 we have that for any a G n , b G A a , a;j Gi n „ T a 

h 

Inserting in this equation b = (fjh o S^ 1 ) * a for some a G A a and summing over j we obtain 
J2 u i (fa ° * a = J2 (fa * ( (fa ° * a )) UJ h 

3 j,h 

= J2((fa*(fjhoSi 1 ))*a)u; h 

= ^ S ih (e * a) u h 
= auji 

Recall that e * a = (id® e) A Qjl (a) = a , and hence 3.29 follows. 
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To prove 2: For any a G n,p G r a ,we have from statement 1 and formula 3.29 that 

P = ^^aiUi, ai e A a , LOi e inv r a , % e I 

i 

= ((^ o5 'r 1 ) *°0 



where 

i 

For uniqueness: 

Assume that for some fej (i G J only finite number of are different from zero)we have: 

^ Wiftj = 

i 

We have to show that all b^s = (i G / ) .Using the uniqueness of decomposition 3.26 we have 

^2 Uik = 

i 

Then 

£ (/y * fc) = VjG/ 

i 

Computing the convolution product with fj h o S^ 1 summing over j and using 3.38 

o = £ to* ° sr 1 ) * (/u * fc) 
= E((^ o5 r 1 )*^)*^ 

= h 

i.e. 6j = for each i G I. □ 
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Theorem 3.3 gives the complete description of left covariant ir— graded bimodules . Using 
3.28 , 3.1 we have 

I ^ anji J b = ^ Oi (uib) = ^2a { (fa * b) uj (3.39) 

\ i J i 

\ i / i i 

If (fij) i:jeI is a family of linear functionals in A' = © aevr A^, satisfying relations 3.30, 3.31, 
then considering the left module T = {T a } ae7r generated by cuf,a G 7r, i G / , and using the 
above formulae to introduce the right multiplication by elements of A , and the left action of A 
we obtain a left covariant 7r— graded bimodule . 

Definition 3.5. Let (r, A r ) be a right covariant 7r-graded bimodule over A . An element rj G T a 
is said to be right invariant if 

KAv) = v®U (3-41) 

Denote by T inv = {Tf nv } the set of all left invariant elements of T . ClearlyT^ is a linear 
subspace of T a for each a G ir. 

Theorem 3.4. Let T = ({r Q } Qg7r , A r ) be a right covariant n — graded bimodule over A,{rj?} ae7r be 
a basis of Ff nv of all right invariant elements of T a for each a G n . Then 

1. For any a G n ,any element g G T a is of the form 

P = ^2 a iVi (3-42) 

i 

where 's G A a are uniquely determined , r]\s G Y" nv ,for any a G n . 

2. For any a G n , any element p G T a is of the form 

£? = $>A (3.43) 

i 

where bi 's G A a are uniquely determined , r]\s G Tf nv ,for any a G n . 

3. There exists linear functionals gij G A' = © ae7r A' a such that for any a £ it 

rub = J2( b * 9a) Vj (3.44) 
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ar/i 



^■(^Gfo-osr 1 )) ( 3 - 45 ) 



where a,b G A a , 77^, 77^5 G .These junctionals are uniquely determined by 3. 44. They 
satisfy the following relations 

gij (ab) =^2g ik (a)g kj (b) (3.46) 
k 

for any i, j G I , a,b G A a .Moreover 

g ij (la)=6 ij (3.47) 

The proof is similar to that of theorem 3.3. 

Remark 3.2. Any functional g^ G A' = (Bae^A^ is of the form g^ = J2 a g^ a where 

g% (a) = if a <£ A a 

Theorem 3.5. LetT = ({T a } ae7T , A 1 , A r ) be an— graded bicovariant bimodule over A, {(wf) ie /}a, g7r 
6e a 6asis of inv T = {i nt ,r a } a€7r 0/ a// /e/£ invariant elements ofT .Then 

1. For any i & I,a, [3 & n, cuf G r Q/3 

i 

where i,j G 7r, G satisfy the following relation 

A Q)/3 = ^ ® i2 w (3.49) 
h 

and for Rji G A± 

e (Rji) = Sji (3.50) 

2. For each a & n there exists a basis (r)i) ieI of all right invariant elements ofT a such that 
for uji G T a 

uji = s ^r]jRji Vie/ (3.51) 

3 

3. For any j,h G I ,a G A a 

Rij (a * fih) = (gji * a) R hi , i,jel (3.52) 
where fij,g%j are functionals introduced in theorems 3.3 , 3.4 
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Proof. Using equation 3.9 for any a, (3, 7 G 7r we have 

(A^®W)A^ 7 =(id®AyA^ 

0/37 



Let cuf 37 G r. 



K >/3 ® <d) A^ >7 (cf 7 ) = (id ® A£ >7 ) A^ 7 I 



l Q <g> A^ 



i.e. 

Aq/?, 7 (^i) r Q/3 ® A 7 

Then for ^ G T a/37 

au (^)=$>>% 

Applying (id ® A /3i7 )to both sides of the above equation 

i 

= (A^ ® id) ® i^j 

= ®R jh ®R hi 

j,h 

Comparing both sides of the above equation 

A/3 i7 = ^ <S> Rhi 
h 

and hence 3.49 is proven. Let uf G T a 

A Q ,i (w?) = ^ ® % , % G Ax 

Applying (id ® e) to both sides of the above equation 
(id® £ )A a>1 (u;?) = 



= (id <g> e) ^ uf <g> % j 
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To prove statement 2: First we have that for Rij G Ai, a E n 

m a (id <g> S a -i) A a>a -i = m a (S^-i <g> id) A a -i jQ = £l Q 
By using 3.49 ,3.50 we obtain 



^ 'S'a- 1 (-Rift) -Rftj = 8ijl a (3.53) 
ft 

^ RihSg-i (Rhj) = Sijl a (3.54) 



ft 

For any a <E n,j E I, let 



i 

Multiplying both sides of 3.55 by Rji and summing over j then using 3.53 we obtain 



= OJi 



and 3.51 follows. It remains to show that rjj defined in 3.55 is right invariant 

Let 1]j E r Q , T]j = J^i^i^a' 1 (R-ij) ' U i ^inv ^a,Rij £ A a -i . 

i 

= A M (Si ® S a -i) A 1)Q -i (i^-) 

i 

= <g> (S^-i (i? fcj ) <g> Si (i2j fc )) 

i,ft,fc 

= UhS a -i (Rkj) ® RmSi (Rik) 

i,h,k 
h,k 

= ^2u k S a -i (R kj ) <S> li 



k 

rjj <g> li 
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For any a G 7r,let i] G T a be a right invariant element .According to theorem 3.3.2 

i 

^ ] Vj-RjjCj i Rji G 

then 

V = ^Vjbj, bj G A a (3.56) 

i 

If 77 = £\ UiS a -i (Rij) ,then using 3.55 we have 

Y^WiSa-i (Rij)bj = 

i,j 

Using 3.3.1 we have 

(-Rjj) fcj = for each i G / 

i 

Multiplying both sides of the above equation by i?^ we obtain 



6,- = 



for any j G /. 

This means that the decomposition 3.56 is unique. 
Applying A£ Q to both sides of 3.56 



^(g,l a = fc 1 ® la) A 1;Q (bj) 



j 

Comparing this formula with 3.56 we get that 

Ai )Q (bj) = 6 j( i,i) <g> 1 Q 

Applying £ <g> id we get that 6j = £ (67(1,1)) l a .This way we proved that for any a G n ,any 
77 G Tf nv is unique linear combination of rjj (j G /) .Therefore ,(Vj)j^i * s a basis in T™ v and 
statement 2 is proven. 

To prove statement 3 : 

Using 3.45 we have for any a G n,a G A a , rjj G Tf nv 
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Using 3.55 we get 



arjj = ^2 Vi (a* (g ji oS 1 *)) 

i 



^auJiSa-i (R i:j ) = ^2uj h S a -i (R hi ) (a * (g jt o S 1 l )) 

i i,h 

Using 3.31 we get 

E^ {{fih o Sf 1 ) * a) S a -i (Rij) = ^2u h S a -i (R hi ) (a * (g jt o Sf 1 )) 

i,h i,h 

Using 3.3.1 we get 

E ((/* ° ^r 1 ) * a ) ^ M = E ( a * fo« ° 

i i 

Applying S a (S a = S~-i) to both sides of this equation , using that S a is antimultiplicative 
we get: 

E Rn 15 * {{fih ° S^) * a) = E M° * { 9ji o S^ 1 )) R hi (3.57) 

i i 

We compute 

S a {{fi h oS^)*a) = 5 Q -_ 1 1 ^®(/ l ,o5r 1 ))A a , 1 (a) 

S a {a * {gji ° Si 1 )) = ((gji o S^ 1 ) <g> id) A ha (a) 

= (gji ® id) (^r 1 ® S-\) A 1)Q (a) 

= <8> Aa-i,! (S^i (a)) 

= 9ji*S-\(a) 



i.e. 



E i2y fc\ (a) * /*) = E fe< * («)) * 

i i 

Replacing a by S~^ (a) we obtain 

E Rij ( a * fih) = E (&» * a ) Rhi 



hi 
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And 3.52 follows. Note that if a,Rij,Rhi G Ai, then applying e to both sides of 3.52 and using 
3.50 we obtain: 



£ (Y1 Ri i ( a * f' lh ^j = £ (Y1 (9ji * a ) R hi\ 
^e(R ij )e(a* f ih ) = £ £ (9ji * a ) £ ( R hi) 

i i 

^ 5ijE (a * f ih ) = ^ e (9ji * a ) $hi 

i i 

But 

£ (a * fih) = (fih ® id) Ai,i (a) 

= fih (a(i,i)) £ (a(2,l)) 

= /ih (a) 

Similarly: e (g^ * a) = (a) i.e. (a) = (a), for any a G A 1 . From which we get that 

£ ^ (a * = £ (/,•* * a) i2 w (3.58) 

i i 

□ 

For any ct,/3 G 7r, 77^ G T^,, applying A^ j/3 to both sides of equation 3.55 we obtain: 

ft 

= £ (l a ® wf) (<r A/J)Aa ® S Q -i) A^-i, Q -i (i4,)) 



i.e. 



Using 3.5 ,3.48 



a^m = E^- i (^')®^ ( 3 - 59 ) 

A^ ^ a t u)j = (^) K ® ^) (3.60) 
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Theorem 3.6. Let (/y)i_,- e j be the family of junctionals defined on A satisfying relations 3.30, 
3.31, [R^^ be a family of elements of A = {A a } aew satisfying relations 3.49, 3.50, 3.58 for 
each a G f. Consider the left module Y = {Y a } ae7T over A = {A a } aen generated by uf , % G /, 
a G ii for each a G 7r , and using formulae 3.39, 3.40, 3.60 to introduce right multiplication 
by elements of A, left and right actions of A on Y then Y = ({r a } ag7r , A', A r ) is a n— graded 
bicovariant bimodule over A. 

Proof. Using formula 3.39 to introduce right multiplication by elements of A ,one can easily 
check that Y is also a n— graded right module over A. , i.e.T = {r o } ae7r is a n— graded bimodule 
over A . 

Using 3.40 to define a left action of A on Y ,taking into consideration 3.3.1 we find that 
3.1 ,3.2 are satisfied for let p G T a p, b G A a p,a,(3 G n, using 3.3.1 p = X^^f^ a i e A a p, 

a/3 _ T-i 
u^i ^inv J- a/3 



And 



i 

= A ^ (&) **J> (ai) ("f 

i 

= A Qi( g (b) (Oi) (^f ) 

= A Q ^(6)A^^ 



a/3 

CLiUJ; 



= A a, P {b)KAp) 



K,8 (pb) = K 



A 1 

^a,/3 



= £<*((*(/y*&))"f) 
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= J2 ( A ^ ( a ») A ^ (h * b )) ( x ° ® w i) 

= ^ (A tt)/ J (Oi) (6(i, a) <g> /ij (6(3,1)) 6(2,/3))) (la ® ^) 
= J2 A «./3 (°*) ( 6 (L«) & ( 6 (3,1)) 6 (2,/3) W i ) 

i 

= Aa ^ ( la ® U i) ( b Q<<*) ® 6 ( 2 " 3 )) 

i 

= ^A^(a 4 )A^(^)A ai/3 (6) 

i 

= A^ (p) A Q>/3 (&) 

Moreover , using 3.3.1 for any a , f3 , 7 G n ,p G r a( g 7 , p = ^ OjCUj where a, G A a( g 7 , 
G im) r a/ 3 7 we have: 

(A Q ,^id)A^ i7 (p) = (A^^^A^^a^f 7 

= ^ (A a>/3 ® id) A a/3 , 7 (a,) A^ >7 (a;?*) 

= (A aji9 (8) id) (A a/3)7 (ai) (l a/3 (8) w7)) 
i 

= Y ( A «,/3 ® id ) A «/3,7 ( a *) (Aq,/3 ® id) (la/3 ® ^7) 

i 

= ^ ((A a>/ 9 <g> id) A a/3i7 (a,)) (1 Q 1/3® ^7) 
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= £ (id ® A^) (a q ,, 7 (a,) A^ 7 (^) ) 

= £ (id ® A,,,) (A^ 7 (a,)) (id ® A^) (A^ 7 (^)) 

i 

= (id <g> Ay (A ai/37 ( fli )) (id <g> Ay (l a <g> wf 7 ) 

i 

= ^ (id <g> A^) (A ai/37 ( fli )) (l a 1^0 w7) 

i 

= (A a>/3 <g> id) A a/3j7 (oj) (l a <g> 1/3 ® w7) 

i 

i.e. 

( A a>p ® id) A^ 7 = (id ® A^) A^ 7 

which means that 3.3 is satisfied. 

Finally , for any a G 7r, letting p G r a , then using 3.3.1 p = £V a^f , G A a , a;j Gj n „ r, 

(e ® ^d) Ai >a (p) = (e (g) id) A l ha I ^ I 



= ^ (e <g> id) A 1)Q (a,) Ai >a (^) 
= ^ (e <g> id) Ai, a (a,) Ai >a (a*) 

i 

= ^ (e ® id) (A 1>Q (a,)) (e ® id) (A' 1>a (^)) 




= P 

i.e. 3.4 is satisfied. 

This means that T = ({r o } Qg7r , A') is a 7r— graded left covariant bimodule over A. 

Using formula 3.60 to introduce right action of A on T one can easily check that T = ({T a } aen , A r ) 

is a tt— graded right covariant bimodule over A, for let p G T a/3 , b G A a p,a,f3 G 7r, using 3.3.1 
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= ^A Qi/3 (&ai) K,p(ui) 

i 

= ^A^A^a^A^) 

i 

= A^^A^^A^^) 

i 

= A Q ^(&)A^^a^ 
= A Q ^(fo)A^(p) 1 

Again , for p e T a/3 , 6 e A Q(9 , a, /3 e 7r, using 3.3.1 p = J2i Wi, ca e ^ T a/3 . Using 3.44 
we get 

A^(pfe) = A^^a^&j 

= A^f^a^*^)] 

V i,j / 
= A^f^M/^fc)), 

= J2 Aa >P (fa * 6 )) A «-/3 M 

= A ^ (°*) A ^ * & ) A «-/3 

= A Q>j9 (ai) A a>/3 (b( 1>a p)fij (62,1)) (c^fc <S> fljy) 

= A Qj( g (tti) (6(i >a ) <g> &(2,/9)/ij (63,1)) (Wfc ® i2fcj) 



= ^ A Qj/3 (oi) (6(i, a )a; fe ® b(2,p)fij (h,i) Rkj) 
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= Y Aq " 3 ^ ( 6 ( 1 >«) W * ® (/«' * & ( 2 '/ 3 )) ^) 
i,j,k 

= Y A "-/3 (°*) i u l ((/« ° ST 1 ) * 6 (l,a)) ® % ( & (2,/3) * /jfc)) 

= A a>/3 (oj) ((wj <g> %) ((/ fc j o ST 1 ) * 6 (lja) 6(2,/?) * /jfc)) 

= Y Aa ^ ^ ^ ( 6 (l.«)/« ( 6 (2,1))) ® /j* ( & (3,1)) & (4,/3))) 

= Yl Aa " 9 ^ ^ ( 6 ( 1 -«) & ( 6 (3,l)^r 1 ( & (2,1))) 6(4,/3))) 

= ^ A Qj/3 (ai) ((«;, <g> (6 ( i, a) ® /j, (e (6(2,i)) li) &(3,/9))) 

= J] Aq '/ 3 ( Q *) ^ ( 6 ( 1 '«) £ ft 2 . 1 )) ^' 6 (3,/3))) 

= Y A <*>0 ^ ((^ ^) ( 6 ( i .«) W))) 

and thus 3.5, 3.6 are satisfied. Moreover , using 3.3.1 for any a , (3 , 7 G 7r , p G r Q/ g 7 , 
P = °i^ 7 where a* G A a/?7 , u;^ 7 G im , r a/37 we have: 

(A^fcid) A^ ;7 (p) = (A^gudjA^^a^ 

= Y ( A ",/3 id ) ( A «/5-7 A aA7 M 
i 

= Y ( A ^ id ) ( A ^.T ( A -,/3 ^) ( A ^,7 

i 

= ^ (A ai/3 ® ^d) (A a/3i7 (a,)) (A r Qj/3 ® ^d) ^ ® 

= Y ( A «,/3 ® id ) ( A «/3:7 ( w fc ® R kj ® 

(zd® A /3;7 )A^ 7 (p) = (id® A A7 )A;^ fca^ 

= ^ (2d ® A A7 ) (A tt)/ , 7 (a,) A^ 7 (^)) 
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= J](id(8)A /9)7 )(A Q ))(id®Ay (A^ 7 (ui)) 

i 

i,k 

= ^ (id® A P:J ) (A Qi/37 (ai)) (u>% <g> i4j <g> %) 

i.e. (A^ )/3 ® id) A^ = (id <g> A^ )7 ) A^ i/37 which means that 3.7 is satisfied. Finally, for any 
a G 7i, letting p G T a , then using 3.4.1 p G T Q , p = ^ am where a { e A a , Ui e inv T a 

(id ® e) A; ;1 (p) = (id ® e) A; ;1 a m 

i 

= ( id ® £ ) ( A M ( a 0) ( id ® £ ) ( A M ( w 0) 

i 

= ^ a-i^i 

i 

= P 



i.e. 3.8 is satisfied . This means that T = ({r a } ag7r , A r ) is a ir— graded right covariant bimodule 
over A. To prove the bicovariance conditions , for any a, f3, 7 G n ,p G r a/ g 7 , using 3.3.1 p = 

J2i «i^ 7 , fl i e A al3j , u^ 1 e inv r a/37 we compute 

(id ® Aj& >7 ) A^ 7 ( P ) = (id ® Ay A^ 7 ^ 

= £ (id ® Ay (A Q) , 7 (a,) A^ 7 (^)) 

i 

= J2(* d ® A ^) ( A «^ («0) ® A ^) ( A U (^ a/37 )) 

i 

= £ (id ® A,,,) (A a ^ (a,)) (l a A^ 7 )) 
= (id <g> Ay (A Qj/37 (a^) (l a <g> <g> 
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a/37 



(A^ ® id) A^ 7 (p) = (^®id)AZ fi „\^2a i u?> 

= E «/» * d ) ( A «A7 (ai) 

i 

= E ( A ^ ® <d) (A^ >7 (a,)) ® id) (a^ >7 (^)) 

i 

= Yl ( A «./3 ^) ( A °&7 (<0) ( A a,/3 ® ^) <g> -Rjij 

and hence 3.9 is proved and T = ({T a } aGn , A', A r )is a 7r— graded bicovariant bimodule over 
A. □ 

4 first order differential calculus on Hopf Group Coalge- 
bras 

Let A 2 = {A^} n be ^ ne 7r— graded bimodule introduced in section 2. We introduce left and right 
actions of A on A 2 .For any a, (3 G 7r let q G A a/3 (8)A aja ,and (A Q /3 £g> A Qj/ g) (g) = J^ fc a k ®b k ®c k ®d kl 
where a k , c k G A a , b k , d k G A^, = 1,2, n.We set 

$ L,/3 (q) = E ° fcCfe bk rffc 

$a,/3 (?) = E ° fc Cfc 6fcrffc ( 4 - 2 ) 
k 

We compute 

(id <g> mp) (& al3 (qj) = (id <g> mp) a ^ ®^ k ®d k 

= ^2 a k c k ® hd k 
k 

= A a: p(m a p(q)) 
= 

Similarly we have 

i a <g> id) ($ r aj p (q)) = (m a ®id) E ° fc Cfc ^kd k 



[rrir 
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= ^2 a k c k <8> hdk 

k 

= A Q;/3 (m afS (q)) 
= 

Therfore, 

^ : A lp — A, ® (4.3) 

and 

^ : — ^ ® ^ (4.4) 

Clearly, both are linear map. We will show that A 2 = {{A 2 a } aen , $ r ) is a 7r— graded bico- 
variant bimodule over A. 

First , we will prove that A 2 = {{A 2 a } aeiT , <3> z , $ r ) is a 7r— graded left covariant bimodule over 

A. 

Let a, (3 & n,q & A 2 af3 , q = b <g> c, then 

= $L l/3 (a&®c) 

= a(l,a)&(l,a)C(l, a ) <8> O( 2 ,0)b(2,0) <8> C( 2 ,/3) 

= (a(l,a) ® 0(2,/?)) ' (6(l,a)C(l, a ) ® &(2,/9) ® C(2,/3)) 

= A a)/3 (a)-$^(6®c) 
= K,p{a)-^{q) 



</?M = $L l/9 (&®ca) 

= &(l,a)C(l,a)Q(l,a) <E> &(2,/3) ® 0(2,0)0,(2,0) 

<8> &(2,/3) ® C( 2 ,/3)) • (a(l,a) ® 0(2,/3)) 

= $^ (6 ® c) • A a;/3 (a) 
= ^ l/3 (g)-A a ^(a) 
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Moreover , for any a, j3, 7 G 7r, g G -Aj^g , g = a ® 6 we compute 

(A a>/3 ® id) $^ i7 (g) = (A ai/3 ®itZ)$Lft 7 (a<g>&) 

= (A a>/3 <g> id) (a(i >a/ 3)6(i >a/3 ) <g> a (2 , T ) <S> 6 (2 , 7 )) 

= 0(i )a )6(i iQ: ) <g> a( 2 ,/3)&(2,/3) <8> 0(3,7) ® 6(3,7) 



(id<g>$j, )7 )$^(g) = (id 0^)^(0® 6) 

= ® $J» )7 ) ( a (l,a)6(l,a) ® a ( 2,/3 7 ) ® &(2,/3 7 )) 

= ® a (2 , / 3)&(2,/3) ® a (3 , 7 ) <g) 6( 3 , 7 ) 



(A a/J <g> id) & a>fh = (id <g> $y $^ ;7 
Finally , for any a G 7r, g G A^, g = a ® 6 

(e <g> id) (g) = (e (g) id) Q (a <g> 6) 

= (e <g> id) (a(i, 1)6(1,1) <S> a (2 , Q ) <g> 6 (2 , a )) 

= £ (a(i, 1)6(1,1)) a(2,a) <S> 6(2,a) 

= £ (a ( i,i)) e (6(1,1)) a (2l a) ® 6 (2 ,a) 
= a ® 6 

= q 



and thus the conditions of definition 3.1.1 are fulfilled and A 2 = ({A^} a67r , $') is a it— graded 
left covariant bimodule over A. Similarly , one can check that A 2 = ({A^,} ae7r , $ r ) is a n— 
graded right covariant bimodule over A. Finally , we check the bicovariance condition 
For any a, (3, 7 G n, q G -A^g , q = a <g> 6 we compute 

(id®^ i7 )$^ 7 (g) = [id ® ^ (a ® 6) 

= ® $ A 7 ) (a ( l,a)6(l, a ) ® 0(2,/3 7 ) ® &(2,/*y)) 

= 0(l,a)6(l, a ) ® a( 2 ,/3) ® 6(2,/3) ® 0(3,7)6(3,7) 
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= (^(8)^)^(0(8)6) 

= ($L,/3 ® *d) (a (1;Q/3) <g> 6(i ia/3) <g> 0(2, 7 )6(2, 7 )) 
= a(l,a)6(l, a ) <8> a(2,/3) <8> &(2,/3) <8> a(3, 7 )6(3,7) 



which proves that A 2 = ({A 2 } ae7r , $ r ) is a 7r— graded bicovariant bimodule over A. 
On A® A — {A a (8> A a } aer we define two families of linear mappings 
r = {r a : A a ®A a — > A a <g> Ai} aer 
t = {t a : A a <g> A a — ► Ai <g> A Q } aG7r 
For any a G 7r, a, 6 G A a we set 

r Q (a (8) 6) = (a (8) li) A Qi i (6) (4.5) 

t a (a (8) 6) = (lx <g> a) A M (6) (4.6) 

It is clear that r Q , £ Q are bijections for each a G 7r for example for a G A Q , 6 G A 1 the inverse of 
r a is given by 

r" 1 (a <g> 6) = (a <g> 1 Q ) (5 a -i <g> id) A a -i >a (6) (4.7) 
Similarly , for a G Ai, 6 G A a the inverse of £ Q is given by 

ta 1 (a ® 6) = (6 ® l a ) (S- Q -i <8> 2d) <7 Aa _ 1)Aa A aja -i (6) (4.8) 
One can easily show that for each a G n , r a (A 2 a ) — A a <8> ker e , for let a G 7r , a G A a , 6 G ker e 

"V" 1 (a <g> 6) = m a ((a (8> l a ) (S^-i <8> id) A Q -i >Q (6)) 

= aS^-l (6(l, a -l)) 6( 2 , a ) 

= ae (6) 1 Q 
= 

From which we get r^ 1 (A Q <g> ker e) = A 2 i.e. 

r a (A 2 ) = A a ®kere (4.9) 

Similarly , one can prove that 

t a (A 2 a ) =kere® A a (4.10) 
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Proposition 4.1. For any a, (3, 7 G it 

(A ajJ g <8> id) r a/3 = 



(id®^)^ 



(4.11) 



(id <8> A a>/J ) t a/3 = (t a <8> id) $; >/3 (4. 12) 

Proof. We will prove that for any a G 7r 

r Q = (id ® £ ® id) (4.13) 
t a = (e <g> id <g> id) $i ja (4.14) 
For any a G 7r, a, b G A a , a ® 6 G A a ® A a 

(id® e ® id) & a l (a ® b) = (id <8> £ (8) id) (a^ a )b^ a ) ® a( 2j i) <8> 6(2,1)) 

= 0(i ja )6(i ja )£ (a(2,l)) ® 6(2,1) 

= a6(i, a ) ® 6(2,1) 
= (a (8) li) A Qi i (6) 
= T a (a ® 6) 



(s ® id® id)$ r la (a®b) = (e <8> id (8) id) (a(i,i) <8> 6(1,1) <8> a(i,a)&(i, a )) 

= £ ( a (l,l)) 6(1,1) <8> 0(l,Q;)&(l,a) 

= 6(1,1) <8> a6(i, a ) 
= (li (8) a) A 1)Q (6) 
= t a (a® b) 

To prove 4.11 

(A a>/3 <g> id) r a/3 = (A Qji g <g> id) (id <g> £ <g> id) 

= (id®id®e® id) (A a>/ g ® id) 
= (id®id®e® id) (id ® 
= (id ® (id <g> £ <8> id) $^ 
= (id® 77,)$^ 
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Similarly ,one can prove 4.12. 

□ 

Proposition 4.2. For any a G n an element of A 2 a is left -{right- respectively) invariant if and 
only if it is of the form r" 1 (l a <g> x) (t" 1 (y <S> l a ) respectively) where x G kere (y G kere respectively) . 

Proof. For any a G 7r , let x G kere .We compute 

$L (!a ® X)) = $! )Q (S^-i (x (liQ -i)) <g> X (2 , a) ) 

= Si (X( 2 ,i)) X( 3) i) <g> 5 a -i ® Z(4,a) 

= li (g) £ (^(2,1)) 5 a -i (^(l.a- 1 )) ® aT(3,a) 

= li <g> 5a-! (X(i ja -i)) <g> X(2,a) 

= U <g> r" 1 (l a (g) x) 
i.e. r^ 1 (l a ® x) is left -invariant element. 

Converslyif r" 1 (l a <g> x) is left -invariant element for some a G n , let a; G kere, 
a E A a . Equation 4.11 implies that 

(id ® r a ) & la (r" 1 (a <g> x)) = (A ljQ <g> id) r a (r" 1 (a <g> x)) 

From which we obtain 

li <S> a <S> x = A 1>a (a) <S> x 

i.e. 

A 1)Q (a) = lx <g> a 

From which we obtain 

a = 1 Q . 

□ 

Theorem 4.3. Zet R be a right ideal of Ai contained in here , N = {N a } n , where for 
each a G n, N a = r^ 1 (A a ® R) is a sub-bimodule of A 2 = {A 2 a } aeiT . Moreover , let T = 
{r a } ae7T 5 T Q = -A^/iV a ,n = {ILj, : A\ — > A 2 a /N a } be the family of canonical epimorphisms, 
d = {d a : d a — Il a o D a } . Then the ir— graded first order differential calculus T = ({T a } a€7T , d) is 
left covariant . Any n— graded left covariant first order differential calculus on A can be obtained 
in this way. 



43 



Proof. For any a G 7r,let R be a right ideal of Ai contained in here. We shall prove that 
r^ 1 (A a <S> R) is a sub-bimodule of A^.For any a G 7r,let g G r^ 1 (A a ® i?) ,i-e. q = r" 1 (6 <g> c) , 6 G 
A a , c G -R.For a G A a 

a-q = (a®l a )q 

= r- 1 (r a ((a <g> l a ) q)) 
= r' 1 {r a (a®l a )r a (q)) 
= r^da^l^r^q)) 
= r- l ((a® li)(6(8)c)) 
= r^ 1 (a& ® c) 
G r" 1 ^®/?) 



g • a = g (l a <g> a) 

= r^ 1 (r a (g (l a ® a))) 

= r- 1 (r a (g)A a , 1 (a)) 

= r?((b®c)A ail (a)) 

= r-- 1 (ba {1>a) ® ca (2 ,i)) 

G r^ 1 ^®/?) 



Which proves that iV Q = r" 1 (A a <g> R) is a sub-bimodule of A^. 

To prove that it is left covariant we have to prove that for any a, (3 G 7r, $^ j/3 (iV aj g) C A a ®Np. 
Using 4.11 we have 

(id <g> 773) $^ = (A a>/3 <g> id) r a/3 

i.e. 

$ L :/ 3 = {id ® r~ p l ) (A ajJ g <g> id) r a/3 
Now ,for any a, /3 G 7r, consider N a/3 = r~l (A a/3 ® i?) 

$ L,/3 (^) = {id ® r/) (A a>p ® id) r aP (N a(3 ) 

= (id <g> r/) (A a>p <g> id) r a/3 (r^ 1 (A Q/3 <g> i?)) 
= (id <g> x ) (A Qj( g <g> id) (A a/3 <g> i?) 
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C (id <S> r-p l ) (A a 
= A a ®r~ l {A p ®R) 

= A a <g> N/3 

Conversly , if N — ({N a } aGn , $') is a left covariant bimodule , then , using theorem 3.3.1 and 
proposition 4.2 there exsists a family (xi) ieI of elements of here such that for any a G 7r, g G iV^ 
can be written as g = ^ °r r a 1 (1q ® ^0 > a « A*- But for each « G I we have 

a* -r^ 1 (1 Q OXj) = (oi <g> 1 Q ) r" 1 (l a <g> x^) 

= r" 1 (r Q (a* <g> 1 Q ) (l a ®Xi)) 

= r' 1 ((Oj <g> la) (la ®£j)) 
= (dj <g> X;) 

Denoting by i? Q the linear span of all x\s we obtain that N a = r^ 1 (A a ® i? a ) 
We shall show that all R' a s coincide with R 1 . From proposition 4.2 we have 

inv-^ct T a (1 Q ® -Ra) 

and since N a is a left covariant bimodule we have 

= la <g> rf 1 (li (8) i?i) 

Now let r" 1 (1 Q <g> x») G im) iV a , Xj G i? a 

$L,1 ( r a X (la ® ^i)) = $L,1 I 5 "- 1 (^(M" 1 )) ® ^(2,a)) 

= iSa-i (x i(2 , Q -i)) Xi( 3) a) <S> Si-i (^(1,1)) <S> 0^(4,1) 

= l a € (Xi(2,l)) ® 5*1-1 (^(1,1)) ® ^(3,1) 

= la <8> ^i-l (Xi(i,i)) <g) Xi(2,l) 

= la <8> r\ l (ll <S> Xj) 
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i.e. 



Xi E R\ 
=>- R a C R 1 

Similarly we can show that R\ C R a , and hence R a = Ri for each a G ir. Denote by R to any of 
the R' a s, then 

N a = r~ l (A a ® R) 



It remains to show that R is a right ideal of A x . Let iGi{,flG 4, then r\ x {\\® x) E N\. 

r\ x (\ x ®x)-a = r\ x (li <g> x) (li (g) a) 

= r\ x ((lx ®x)ri (li <g>a)) 
E N 1= 1 (A <g> i?) 
(A? - ! is a bimodule) 



i.e 

(li ® x) ri (li <g> a) e Ai <S> R 

therefore 

(li<g>a;)ri(li<g>a) = n (rf 1 (li <g> rr) (li ® a)) 
= r 1 (r^ 1 ((l 1 ®x)A 1A (a))) 
= (li <g> x) An (a) e A ® -R 



and (5 £g> id) ((li ® x) Ai 5 i (a)) = xa e R □ 

Theorem 4.4. Let R be a right ideal of A 1 contained in kere ,N = {N a } n , where for each 
a E ir, N a = t^ 1 (A a ® R) is a sub-bimodule of A 2 = {A 2 a } aeiT . Moreover ,letY = {T a } a&7T , T a = 
A 2 a /N a) II = {U a : A 2 a — > A^/Na} be the family of canonical epimorphisms , d = {d a : d a = U a o D 
the first order differential calculus T = ({r a } ae7r , d) is right covariant . Any right covariant first 
order differential calculus on A can be obtained in this way. 
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Proof. For any a G 7r,let R be a right ideal of Ai contained in here. We shall prove that 
t^ 1 (R <S> A a ) is a sub-bimodule of A^.For any a G 7r,let g G t" 1 (i? ® A a ) ,i-e. g = t" 1 (d <E> e) , d G 
R,e E A a .For a E A a 

a ■ q = (a®l a )q 

= t' 1 (t a ((a (g) 1 Q ) g)) 

= t" 1 (ta (a <E> la) <a (?)) 

= ^((li® a) *«(?)) 

= ^((lx^a) (d<g>e)) 

= ^(dgiae) 

G ^(flfcAO 



g-a = q(l a <S>a) 

= ^ 1 (t a (g(l Q (g)a))) 

= t- 1 (i a (g)A 1 , a (a)) 

= r- 1 ((d(8)e)Ai )a (a)) 

= t" 1 (da(i,i) <g> ca (2 , Q )) 

G i" 1 (i2 <g> 4») 



which proves that N a = (R ® A a ) is a sub-bimodule of To prove that it is right covariant 
we have to prove that for any a, (3 G tc, & a /3 (N a p) C N a <g> Ag. Using 4.13 we have 

(t a <g> id) $ r a /3 = {id <g> A a>/3 ) t aj8 



i.e. 
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Now ,for any a, (3 e vr, consider iV^ = t a ^ (R (g) A a/ g) 

^L,/j(^) = (t^ 1 <E> id) (id ® A Qj/ g) t Q/ g (Nap) 

= (t~ l ® id) (id <g> A a ,p) t a( 5 (t~l (R ® A af3 )) 
= {ta 1 ® id) (id ® A Qj( g) (i? <g> A Q/3 ) 
C (t" 1 <g> id) (R <g> A a <g> A/j) 
= t" 1 (i2 <g> A Q ) <g> A^g 
= N a ®A p 

Conversly , if N — ({iV Q } Qg7r , $ r ) is a right covariant bimodule then , using theorem 3.4.1 and 
proposition 4.2 there exsists a family (yi) i£l of elements of kere such that for any a G n, q e iV a 
can be written as g = ^ a «' ^q 1 (l/i ® 1«) > a « £ A*- But for each i e / we have 

= t" 1 (i Q (l a <g> a { ) (yi <g> 1 Q )) 
= ^((la^a*)^® !<*)) 

Denoting by R a the linear span of all x\s we obtain that 

N a = t- 1 (R ® A Q ) 

We shall show that all R a s coincide with R 1 . From proposition 4.2 we have 

Nr^t-^la^Aa) 

and since N a is a left covariant bimodule we have 

= t^ 1 (R® A ± ) <g> l a 
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Now let t~ l (y t <8> 1 Q ) G , y* G i? a 

$M (C ® la)) = $I, Q (^a-i (y l( 2,a^)) ® 2/i(l,l)) 

= 'S'l- 1 (z/i(4,l)) ® yi(i,i) <8> 5 Q -i (^(3,0-!)) 2/i(2,a) 

= -Si-i (j/i(s,i)) ® yi(i,i) <E> l a e (yi(2,i)) 

= Sl-i (#(2,1)) <8> <8> 1 Q 

= ij" 1 (y* (8) lj) <g> l a 

i.e. 

Vi e #i 

Similarly we can show that Ri Q R a , and hence i? Q = i?i for each a G 7r. 
Denote by i? to any of the R' a s, then JV a = t" 1 (R <g> A a ) 
It remains to show that i? is a right ideal of Ai. 
Let y e R,a e A 1 , A then tf 1 (y <g> li) G N 1 . 

t^iy^hj-a = tf 1 (y®li)(li®a) 

= tr 1 ((3/ <8> li) *i (li <8) a)) G iVi 

(A^ is a bimodule) 

i.e (y <8> li) ii (li <8> a) G .R <8> Ai 
therefore 

(y (8) lx) ix (lx (8) a) = t x (y <g> 1 ± ) (1 ± (8> a)) 
= *i (t^ 1 ((y (8) 10 A M (a))) 
= (y <8> li) A 1;1 (a) eii®i? 

and (id <g> e) ((y <8> li) A M (a)) = ya e R 

□ 
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We shall now formulate the concept of ad— invariance . Let 

ad a : A\ — ► A\ ® A a 

be such that for any a G A 1 



i.e. 



ad a (a) = t a (r~ l (l a <g> a)) (4.15) 
ad a (a) = a(2,i) ® Sa-i (aci.a- 1 )) «(3,a) 



where 



(id <g> A 1)Q ) A a -i >Q (a) = a (1;a -i) <g> a (2 ,i) ® a (3)Q) (4.16) 



such that 



(ada ® id) ad,3 (a) = (id <E> A Qj( g) ad Q/ 3 (4-17) 

Using 4.15 ,and the standared properties of comultiplication and coinverse one can prove 4.17, 
for let a G Ai.For any a, (3 G n 

(ad a <g> id) adp (a) = (ad a ® id) (a (2 ,i) <E> S^-i (a ( i j/3 -i)) a( 3 ,/3)) 

= 0( 3j i) ® S'q-i (a(2,a-i)) 0( 4)Q ) <g) (a(i )( g-i)) a( 5)/ j) 

(id <g> A Qj/3 ) ad Q/3 = (id <g> A Qj/3 ) (a (2 ,i) <S> S^-i a(W)) 

= Q(3,l) ® S'q-i (a( 2>a -i)) a( 4 , a ) <g) S^-i (a(i j( g-i)) £1(5,0) 

which proves equation 4.17. □ 

A linear subset Tc Ai is 7r — ad invariant if ad a (T) C T (g) A for any a G 7r. 

Lemma 4.5. Let T be n — ad invariant subset of A±,R be a right ideal of A\ generated by T. 
Then R is n — ad invariant. 
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Proof. Let a,b G Ai,we will prove that for any a G 7r 



ad Q (aft) = (li <g> (&(i, a -i))) ad a (a) A 1>Q (6( 2>a )) (4.18) 
r" 1 (l a ® aft) = (l a <S> l a ) (S a -i <S> id) A a -i >a (aft) 

= S^-i (a(l, Q -i)fc(l,a-i)) <g> a( 2 ,a)&(2,a) 

= •S'a- 1 (^(l.a- 1 )) 'S'a- 1 (o^a" 1 )) <E> 0(2,a)&(2,a) 

= (S a -i (fyl.a" 1 )) ® la) (S^-i <g> a (2 , Q )) (l a ® &(2,a)) 

= (^ Q -l (6(1,0-!)) ® la) ^a 1 («) ® &(2,a)) 



Applying £ a to both sides of the above equation we get 

taT' 1 (la ® ab) = t a (S a -l (6(l,a-i)) ® la) ^a?"" 1 (a) * Q (l a <g> 6( 2 , a )) (4.19) 

ad a (ab) = (l a <g> 5 Q -i (&(i, a -i))) ad a (a) A 1;Q (6( 2 , a )) (4-20) 
Thus for a, b G T, a, 6, ab & R,R being an ideal in Aj., T being n — ad invariant we find that 

ad a (db) G R<S> A a 



i.e. 



arf a (R) C R® A a 

which means that R is tt — ad invariant. □ 

Let A 2 = ({A„} aer , <£> r ) is a 7r— graded bicovariant bimodule over A. By virtue of condition 
3 of definition 3.3 we have for any a, (3, 7 G 7r ® id) = (id ® $1^) ^ 
Applying id ® e ® id ® id to both sides of the above equation we get 

((id ®e®id) $ l a>1 ® id) $ a ,/3 = ( id ®(e®id® id) <&\ p) <& l ap 
Using 4.13, 4.14 

(r Q ®id) $a,/3 = (id ® tp) 

i.e. 
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Now let x G kere. From proposition 4.2 for any a G it we have r^ 1 (l a <g> x) is a left invariant 
element then 

K, P (rZl (la/3 ® *)) = (r^ 1 ® id) (id ® fy) (la/9 ® x)) 

= (r" 1 ®^) (id®^) (l^r^l^rr)) 
= {r~ l ®id) (l a ®tpr/ (U3® x)) 
= (r^ 1 <g> id) (l a <g> ad/3 (x)) 

Theorem 4.6. Let R be a right ideal of Ay contained in kere and T = ({r a } ag7r , d) be the 
n— graded left covariant first order differential calculus described in 4-3 .Then T = ({r a } ag7r , d) 
is bicovariant if and only if R is n—ad invariant. 

Proof. Let for any a G re R be a right ideal of ^such that R C ker e and N a = r" 1 (A a <g> i?) .Using 
theorem 4.3 we see that N = ({N a } aen , $') is a 7r— graded left covariant bimodule .Assume that 
R is 7T— ad invariant , let i nv N a be the set of all left invariant elements of N a for each a G n. 
Then formula 3.78 shows that for any a, f3 G it 

(invN al3 ) dinv N a ® Ap 

Now decomposition 3.26 shows that <&£ ^ (-Nq/j) C iVa ® A^and this means that implication 
2.14 holds. 

Conversly, assume that N = {N a } aen is a n— graded bicovariant bimodule This means that 
2.14 holds.Then (see proof 4.4) for each a G n, N a = t~ l (R' ® A a ) where R' be a right ideal of A x 
such that R' C ker e.In particular, N-y = t^ 1 (R' <g> Ai) .Using 3.78 and that (e ® id) 1 (a <g> 6) = 
a£ (6) ,and (id <g> e) rf 1 (a ® &) = aSi (b) ,one can easily checks that R = R'. 

So we have for any a G n 

r~ l (A a ® R) = t' 1 (R ® A a ) 

t^- 1 (A a ®R) = R® A a 

therefore ad a (R) = t^' 1 (l a ® i?) 
C t^r- 1 (A* ® R) = R ® A a 

therefore R is 7r— ad invariant. □ 
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